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Using the known duality between events and states, we establish the fact that there is a duality between
quantization of events and measurement of states. With this duality, we will show a generalized system of
imprimitivity and a covariant measurement are in a dual relation. We also propose a novel quantization scheme
as a dual of a measurement model.
I. INTRODUCTION
The structure of events in quantum theory has been studied
for a long time. In [1], the authors proposed an effect algebras
to formulate the structure of events in a context of quantum
logic. An effect algebra is a set of events with operations such
as the union of events and the negation. An effect algebra was
generalized to an effect module in [2] admitting a probabilistic
discard of events.
In [3], the author showed that a category of effect modules
EMod is an dual adjunction to a category of convex spaces
Conv. Convex space is a natural structure of states, so they
established an adjunction between events and states. In [4]
this adjunction is generalized to a categorical duality by im-
posing some topologies. They established the important fact
that events and states are in a dual relation. In other words,
events are completely characterized by states and vice versa.
There are several example of (Banach) effect modules. We
especially focus on [0,1]-valued continuous functions on a
compact Hausdorff space C(X , [0,1]) and effect operators on
a Hilbert space E f (H ) since the former represents the struc-
ture of classical events and the latter represents the structure of
quantum events. As the dual of these, we also focus on prob-
ability Radon measures on a compact Hausdorff space PR(X)
and density operators DM(H ) on a Hilbert space where the
former represents the structure of classical states and the latter
represents quantum states.
Incidentally, we can consider a map Q : C(X , [0,1]) →
E f (H ) which indicates quantization of events. Also, we
can consider a map M : DM(H )→ PR(X) which indicates
measurement of states. Since C(X , [0,1]) is dual to PR(X)
and E f (H ) is dual to DM(H ), quantization of events Q
and measurement of states M should be in a dual relation.
We show this fact in this paper. (We make an additional re-
mark that an adjoint relation between quantization and quasi-
classicalization is discussed in [5].)
We can apply the duality between quantization of events
and measurement of states to an actual quantization and an
actual measurement. For an actual quantization, we will show
that a dual of a generalized system of imprimitivity is a covari-
ant measurement. For an actual measurement, we will pro-
pose a novel quantization scheme as a dual of a measurement
model.
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II. DUALITY BETWEEN EVENT AND STATE
In this section, we will review a duality between a category
of Banach effect moduleBEM and a category of compact con-
vex Hausdorff space with a separating propertyCCH[3, 4, 6].
This is equivalent to the physical statement that events and
states are in a dual relation.
We introduce a set of continuous functions from a compact
Hausdorff space to the interval [0,1] with a supremum norm
topology and a set of effect operators on a Hilbert space with
an operator norm as examples of BEM. We also introduce a
set of a probability Radon measure on a compact Hausdorff
space with a locally convex topology and a set of density op-
erators on a Hilbert space with a locally convex topology as
examples of CCH. We will give a brief description of these
since these play an important role in this paper.
A. Dual adjunction between EMod and Conv
In this section, we see the fact that there is a dual adjunction
between EMod and Conv by Hom functors [3].
To this end, we state the definition of effect modules and
their homomorphisms and introduce a category of effect mod-
ules EMod.
Definition 1. An effect module consists of a set E with a par-
tial operation > : E×E → E which is both commutative and
associative, a neutral element 0, an orthosupplement ¬ : E→
E which has the property that ¬x is the unique element with
x>¬x= 1 where 1 = ¬0, and [0,1]-action · : [0,1]×E→ E
satisfying following conditions:
x>0= 0> x= x
x⊥1 only if x= 0
1 · x= x
r+ s≤ 1⇒ (r+ s) · x= r · x+ s · x
(rs) · x= r · (s · x)
x⊥y⇒ r · (x> y) = (r · x)> (r · y)
where r,s ∈ [0,1] and x,y ∈ E and one writes x⊥y if the oper-
ation x> y is defined.
A homomorphism of effect modules (E1,01,¬1,>1, ·1) →
(E2,02,¬2,>2, ·2) is a function f : E1 → E2 between the un-
2derlying sets satisfying
f (r ·1 x) = r ·2 f (x)
f (11) = 12
x⊥y⇒ f (x>1 y) = f (x)>2 f (y)
This yields a category of effect modules EMod whose ob-
jects consist of effect modules and arrows consist of their ho-
momorphisms. Note that an effect module describes the struc-
ture of events.
Next, we state the definition of convex spaces and their
homomorphisms and introduce a category of convex spaces
Conv.
Definition 2. A convex space consists of a set S with a ternary
operation c−(−,−) : [0,1]× S× S → S satisfying following
conditions:
cr(x,x) = x
cr(x,y) = c1−r(y,x)
c0(x,y) = y
cr(x,cs(y,z)) = cr+(1−r)s(cr/[r+(1−r)s](x,y),z)
where r,s ∈ [0,1], x,y,z ∈ S and r/[r+(1− r)s] 6= 0.
A homomorphism of convex sets (S1,c−(−,−)1) →
(S2,c−(−,−)2) is a function f : S1 → S2 between the under-
lying sets satisfying
f (cr(x,x
′)1) = cr( f (x), f (x
′))2
for all r ∈ [0,1] and x,x′ ∈ S1.
This yields a category of convex spaces Conv whose ob-
jects consist of convex sets and arrows consist of their homo-
morphisms. Note that a convex space dscribes the structure of
states.
We can construct a functor HomConv(−, [0,1]) : Conv
op →
EMod where HomConv(S, [0,1]) has an effect module struc-
ture for each S ∈ Conv with the definition of following
: f⊥g ⇔ f (x) + g(x) ≤ 1 for all x ∈ S, the pointwise sum
( f > g)(x) = f (x) + g(x), the pointwise orthosupplement
(¬ f )(x) = 1 − f (x) and the pointwise multiplication (r ·
f )(x) = r( f (x)) for all f ,g ∈HomConv(S, [0,1]).
We can also construct a functor HomEMod(−, [0,1]) :
Emodop → Conv where HomEMod(E, [0,1]) has a convex
space structure for each E ∈ EMod with the definition of fol-
lowing : the pointwise convex operation cp( f ,g) = p f +(1−
p)g for all f ,g ∈HomEMod(E, [0,1]).
Under this setting, we can state a dual adjunction between
EMod and Conv.
Theorem 1. functors HomConv(−, [0,1]) : Conv
op → EMod
and HomEMod(−, [0,1]) : Emod
op → Conv give a dual ad-
junction between a category of effect modules EMod and a
category of convex spaces Conv.
B. Duality between BEM and CCH
In this section, we see the fact that the dual adjunction be-
tween EMod and Conv restricts to a duality between BEM
and CCH [4].
To this end, we state the definition of Banach effect mod-
ules and introduce a category of Banach effect modulesBEM.
Definition 3. A Banach effect module is an effect module
which is complete with the metric given by following:
d(x,y) =max(inf{r ∈ [0,1]|
1
2
x≤
1
2
y>
r
2
1},
inf{r ∈ [0,1]|
1
2
y≤
1
2
x>
r
2
1})
where x and y are elements of an effect module. A partial order
on an effect module is given by x ≤ y if and only if x> z = y
for some element z.
This yields category Banach effect modules BEM whose
objects consists of Banach effect Modules and arrows consist
of continuous effect module homomorphisms.
Next, we state the definition of convex compact Hausdorff
spaces.
Definition 4. Convex compact Hausdorff spaces is convex
spaces with a compact Haudorff topology.
Before proceeding to a category of convex compact Haus-
dorff spaces, we mention a separating property. The separat-
ing property on a convex compact Hausdorff space S means
that if x 6= y for x,y ∈ S, there is a continuous convex homo-
morphism s : S→ [0,1] such that s(x) 6= s(y). With the sep-
arating property, a convex compact Hausdorff space can be
regarded as a subspace of a locally convex topological vector
space. The separating property is assumed in this paper.
A category of convex compact Hausdorff spacesCCH con-
sists of convex compact Hausdorff spaces as objects and con-
tinuous convex homomorphisms.
Now, we can state the categorical duality. Note that this is
a duality between events and states.
Theorem 2. functors HomCCH(−, [0,1]) : CCH
op → BEM
and HomBEM(−, [0,1]) : BEM
op → CCH give a duality be-
tween categories BEM and CCH, where HomCCH(S, [0,1])
has an uniform topology and HomBEM(E, [0,1]) has a locally
convex topology.
C. Examples and their consequences
In this subsection, we present some examples of (Banach)
effect module and convex (compact Hausdorff) space. They
are significant objects in this paper. By applying a dual ad-
junction between EMod and Conv and a duality between
BEM and CCH to these examples, we can obtain an useful
result.
First, we will present two examples of (Banach) effect mod-
ules.
Example 1. A set of [0,1]-valued continuous functions on a
compact Hausdorff space C(X , [0,1]) is an example of effect
modules with the interpretation that f1 > f2 = f1+ f2 if f1+
f2 ≤ 1, a neutral element is a zero function and ¬ f = 1− f
for f , f1, f2 ∈ C(X , [0,1]). If a supremum norm topology is
imposed on C(X , [0,1]), it becomes a Banach effect module.
3Example 2. A set of effect operators on a Hilbert space
E f (H ) = {E ∈ B(H )|E∗ = E,0≤ E ≤ I} is an example of
effect modules with the interpretation that E1 >E2 = E1+E2
if E1 + E2 ≤ I, a neutral element is a zero operator and
¬E = I − E for E,E1,E2 ∈ E f (H ). If an operator norm
topology is imposed on E f (H ), it becomes a Banach effect
module.
Note that C(X , [0,1]) corresponds to classical events and
E f (H ) corresponds to quantum events.
Next, we will present two examples of convex (compact
Hausdorff) spaces.
Example 3. A set of probability Radon measures on a com-
pact Hausdorff space PR(X) is an example of convex spaces
with the convex operation cr(µ1,µ2) = rµ1 + (1− r)µ2 for
µ1,µ2 ∈ PR(X). If a locally convex topology is induced by a
family of semi-norms {|
∫
X f d(·)|| f ∈C(X)}, PR(X) becomes
a convex compact Hausdorff space.
Example 4. A set of density operators on a Hilbert space
DM(H ) = {ρ ∈ T (H )|ρ∗ = ρ ,Tr(ρ) = 1} is an example
of convex spaces with the convex operation cr(ρ1,ρ2) = rρ1+
(1− r)ρ2 for ρ1,ρ2 ∈ DM(H ). If a locally convex topology
is induced by a family of semi-norms {|Tr[(·)B]||E ∈ B(H )},
DM(H ) becomes a convex compact Hausdorff space.
Note that PR(X) corresponds to classical states and
DM(H ) corresponds to quantum states.
By applying the duality to these examples, we can obtain an
useful result. In following discussion, we assume topologies
in examples above.
Proposition 1. Let Φ a continuous affine functional on
PR(X). Then there exist an unique f ∈ C(X , [0,1]) such that
Φ(µ) =
∫
X f dµ for every µ ∈ PR(X)
Proof. Let g∈HomConv(PR(X),HomEmod(C(X , [0,1]), [0,1]))
and h ∈ HomEmod(C(X , [0,1]),HomConv(PR(X), [0,1]). Ap-
plying the Riesz representation theorem, g can be written
in a form
∫
X(−)d(−). By the dual adjunction, there is a
bijective correspondence between g and h. Combining these,
h can be written in the form
∫
X(−)d(−). By the duality,
there is a bijective correspondence between C(X , [0,1]) and
HomCCH(PR(X), [0,1]) so Φ ∈ HomCCH(PR(X), [0,1])
can be written in an integral form
∫
X f d(−) using
f ∈C(X , [0,1]).
III. DUALITY BETWEEN QUANTIZATION AND
MEASUREMENT
In this section, we introduce a notion of quantization of
events and measurement of states. We establish the fact that
there is a duality between quantization of events and measure-
ment of states. After that we will apply that duality to concrete
examples of quantization and measurement.
A. Duality between Quantization of Events and Measurement
of States
In this subsection, we define what quantization of events
and measurement of states mean. We also investigate a rela-
tion between quantization of events and measurement of states
for a later discussion.
Definition 5. We call a Banach Effect module homomorphism
Q : C(X , [0,1])→ E f (H ) quantization of events from com-
pact Hausdorff space X to Hilbert space H .
Definition 6. We call a continuous convex homomorphismM :
DM(H )→ PR(X) measurement of states from Hilbert space
H to compact Hausdorff space X.
Quantization of events is a map from classical events to
quantum events. Measurement of states is a map from quan-
tum states to classical states. Noting the fact thatC(X , [0,1]) is
dual to PR(X) and E f (H ) is dual to DM(H ) by the BEM-
CCH duality, we may notice quantization of events is dual to
measurements of states.
First, let us induce measurement of states from a dual of
quantization of events. Since measurement of states can be re-
garded as a map (E f (H )→ [0,1])→ (C(X , [0,1])→ [0,1]),
we require following diagram commute:
C(X , [0,1]) [0,1]
E f (H ) [0,1]
α
idQ
β
In other words, for maps α : C(X , [0,1]) → [0,1], β :
E f (H )→ [0,1] and quantization of events Q,
α( f ) = β ◦Q( f )
holds for all f ∈ C(X , [0,1]). Since quantization of events Q
is an unital positive linear map from C(X , [0,1]) to E f (H ),
there exists an unique positive operator valued measure
(POVM) E such that
Q( f ) =
∫
X
f dE
for all f ∈C(X , [0,1]). In addition, by the Bucsh theorem [7]
there exists an unique density operator ρ such that
β (A) = Tr[ρA]
for all A ∈ E f (H ). By equations above and the Rieaz repre-
sentation theorem, an unique measure for α is Tr[ρE]. So
a dual of quantization of events as a map β → α induces
measurement of states M : ρ ∈ DM(H )→ Tr[ρE] ∈ PR(X)
which is characterized by the POVM appeared in quantization
of events. Summing up these results, we can state as follow-
ing:
Proposition 2. Quantisztion of events Q : C(X , [0,1]) →
E f (H ) can be written as Q =
∫
X (−)dE by using a POVM
4E and induces measurement of states M : DM(H )→ PR(X)
which can be written as M = Tr[(−)E]. This fact can be
represented in following diagram:
C(X , [0,1]) [0,1]
E f (H ) [0,1] DM(H )
PR(X)
∫
X(−)d(Mρ)
idQ=
∫
X (−)dE
Tr[ρ(−)]
M = Tr[(−)E]
Second, let us induce quantization of events from a dual of
measurement of states. Since quantization of events can be
regarded as a map (DM(H )→ [0,1])→ (PR(X)→ [0,1]),
we require following diagram commute:
DM(H ) [0,1]
PR(X) [0,1]
γ
idM
δ
In other words, for maps γ : DM(H )→ [0,1], β : PR(X)→
[0,1] and measurement of statesM,
γ(ρ) = δ ◦M(ρ)
holds for all ρ ∈DM(H ). Since a dual of trace class operator
on a Hilbert space is bounded operator on the Hilbert space,
T (H )∗ ∼= B(H ), there exists an unique POVM E such that
M(ρ) = Tr[ρE]
for all ρ ∈ DM(H ). In addition, by the proposition 1 there
exists an unique f ∈C(X , [0,1]) such that
δ (µ) =
∫
X
f dµ
for all µ ∈ PR(X). By quations above and T (H )∗ ∼= B(H ),
an unique effect for γ is
∫
x f dE . So a dual of measurement of
states as a map γ → δ induces quantization of events Q : f ∈
C(X , [0,1])→
∫
x f dE ∈ E f (H )which is characterized by the
POVM appeared in measurement of states. Summing up these
results, we can state as following:
Proposition 3. Measurement of states M :DM(H )→PR(X)
can be written as M = Tr[(−)E] by using a POVM E and
induces quantization of events Q : C(X , [0,1]) → E f (H )
which can be written as Q =
∫
X(−)dE. This fact can be
represented in following diagram.
DM(H ) [0,1]
PR(X) [0,1] C(X , [0,1])
E f (H )
Tr[(−)Q( f )]
idM = Tr[(−)E]
∫
X f d(−)
Q=
∫
X(−)dE
From the proposition 2 and 3, we can see that quantiza-
tion of events and measurement of states are in a dual relation
characterized by a single POVM.
B. Some Examples of Duality
In this subsection, we will see how the duality works in
concrete examples of quantization and measurements.
First example is a generalized system of imprimitivity. This
is a system of imprimitivity [8] employing a POVM instead of
a projection valued measure. This provides canonical quanti-
zation on a homogeneous space. For a detailed explanation,
see [9].
Let G be a topological group and X be a G-space. A
generalized system of imprimitivity on G is a quadruple
(H ,U,X ,P) where U is an unitary representation of G on
a Hilbert apace H and POVM E on X such that
U(g)E(∆)U(g)−1 = E(g∆)
holds for all g ∈G and all Borel sets ∆⊂ X . This condition is
equivalent to the condition
U(g)Q( f )U(g)−1 = Q(Lg f )
for all g ∈ G and f ∈ C(X , [0,1]) where Q is quantization
of events, and Lg is a left translation defined by (Lg f )(x) =
f (g−1x) for all f ∈ C(X , [0,1]), x ∈ X and g ∈ G. So a gen-
eralized system of imprimitivity can be represented in a com-
muting diagram involving quantization of events:
C(X , [0,1]) E f (H )
C(X , [0,1]) E f (H )
Q
U(g)(−)U(g)−1Lg
Q
By taking a dual of this diagram, we can see what a dual of
a generalized system of imprimitivity is. Taking a dual of the
left part of the diagram yields a dual of Lg:
C(X , [0,1]) [0,1]
C(X , [0,1]) [0,1] PR(X)
PR(X)
∫
X (−)dµg
idLg
∫
X (−)dµ
(−)g
where µg(∆) = µ(g∆) for all g ∈ G and all Borel sets ∆ ⊂ X .
Also, taking a dual of the right part of the diagram yields a
dual ofU(g)(−)U(g)−1:
E f (H ) [0,1]
E f (H ) [0,1] DM(H )
DM(H )
Tr[U(g)−1ρU(g)(−)]
idU(g)(−)U(g)−1
Tr[ρ(−)]
U(g)−1(−)U(g)
Summing up these, we get the dual of a generalized system
of imprimitivity:
5DM(H ) PR(X)
DM(H ) PR(X)
M
(−)gU(g)−1(−)U(g)
M
where M is mesurement of states. This commuting diagram
gives the identity
Tr[ρE(g∆)] = Tr[ρU(g)E(∆)U(g)−1]
for all ρ ∈ DM(H ), g ∈ G and all Borel sets ∆ ⊂ X . This
condition states that measurement E is covariant.
So, we have obtained a covariant measurement as a dual of
a generalized system of imprimitivity. For a detailed explana-
tion of a covariant measurement, see [10].
Conversely, we can also induce a generalized system of im-
primitivity from a covariant measurement. From this discus-
sion, we conclude that a generalized system of imprimitivity
and a covariant measurement are in a dual relation
Second example is a measurement model. A measurement
model describes a successive procedure that a system and a
probe become coupled, they evolves, and a measurement is
carried out on the probe. For a detailed explanation, see [11].
A measurement model is quadruple (K ,ρ0,Λ,F) where
K is a Hilbert space of the probe, ρ0 is an initial state of
the probe, Λ is a completely positive trace preserving (CPTP)
map from B(H ⊗K ) to B(H ⊗K ) and F is a POVM on
K . If the following condition holds for a POVM E on H , it
is called a measurement model for E:
TrH [ρE] = Tr[Λ(ρ⊗ρ0)(I⊗F)]
for all ρ ∈ DM(H ). A measurement model for E can be
represented in a commuting diagram involving measurement
of events:
DM(H )
DM(H ⊗K ) PR(X)
DM(H ⊗K )
(−)⊗ρ0
Λ
TrH [(−)E]
Tr[(−)I⊗F]
By taking a dual of this diagram, we can see what a dual
of a measurement model for E is. Taking a dual of the upper
component of the left of diagram yields a dual of (−)⊗ρ0:
DM(H ) [0,1]
DM(H ⊗K ) [0,1] E f (H ⊗K )
E f (H )
TrH [(−)TrK [ρ0A]]
id(−)⊗ρ0
Tr[(−)A]
TrK [ρ0(−)]
Also, taking a dual of the lower component of the left of dia-
gram yields a dual of Λ:
DM(H ⊗K ) [0,1]
DM(H ⊗K ) [0,1] E f (H ⊗K )
E f (H ⊗K )
Tr[(−)Λ∗(A)]
idΛ
Tr[(−)A]
Λ∗
where Λ∗ is a dual of the CPTP map Λ defined by
Tr[Λ(T )B] = Tr[TΛ∗(B)] for all T ∈ T (H ) and B ∈ B(H ).
Summing up these, we get a dual of a measurement model for
E:
E f (H ⊗K )
C(X , [0,1]) E f (H ⊗K )
E f (H )
∫
X (−)d(I⊗F)
Λ∗
TrK [ρ0(−)]∫
X (−)dE
This commuting diagram gives the identity
∫
X
f dE = TrK [ρ0Λ∗(
∫
X
f d(I⊗F))]
for all f ∈C(X , [0,1]).
Since C(X , [0,1]) can be extended to C(X), this is a quan-
tization scheme involving the probe and time evolution of the
whole system. We call it a dual measurement model quantiza-
tion for E . This is quantization such that the successive pro-
cedure of quantization to the whole system,a time evolution,
and a discard of the probe by the initial state is equivalent to
quantization to the system.
Of course, it is easy to check the fact that a dual of a
dual measurement model quantization for E is a measurement
model for E .
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